In this study, frictionless contact problem for a functionally graded (FG) layer is considered. The FG layer is subjected to load with a rigid stamp and the FG layer is bonded on a rigid foundation. The graded layer is modeled as a non-homogenous medium with a constant Poisson's ratio and exponentially varying shear modules. It is assumed that the contact between all surfaces is frictionless and the effect of gravity force is neglected. The problem is solved analytically using plane elasticity and integral transform techniques. The problem is reduced to a singular integral equation using plane elasticity and integral transform techniques. Obtained singular integral equation is solved numerically using Gauss-Jacobi integration formulation and obtain the contact pressure and contact length. The contact length and contact pressures between the FG layer and the rigid stamp are analyzed for various material properties and loading. Aim of the paper is to investigate the effect of the non-homogeneity parameter of the graded layer on the contact pressures and lengths.
Introduction
Materials with changing composition, microstructure, or porosity across the volume of the material are referred to as the functionally graded material (FGM) [1] . Functionally graded materials are inhomogeneous materials, consisting of different materials, performed to have a continually modify spatial composition profile [2] . Functionally graded materials are modern engineering materials designed for a specific performance or function in which a spatial gradation in structure [3] . The major property of the FGM have made them to be advantageous in almost all the human areas of profession. Functionally graded materials are now being applied in a number the stationary plane contact of a functionally graded heat conducting punch and a rigid insulated halfspace [8] . The two-dimensional frictionless contact problem of a coating structure consisting of a surface coating, a functionally graded layer and a substrate under a rigid cylindrical punch is investigated by Yang and Ke [9] . Rhimi et al. investigated the effect of the material nonhomogeneity parameter and the thickness of the graded layer on the contact pressure and on the length for the axisymmetric problem of a frictionless receding contact between an elastic functionally graded layer and a homogeneous halfspace [10] . The axisymmetric problem of a frictionless double receding contact between a rigid stamp of axisymmetric profile, an elastic functionally graded layer and a homogeneous half space is investigated by Rhimi et al. [11] . Chen and Chen studied a rigid punch contacting with a graded layer on a rigid substrate that heat generated by contact friction is investigated with a constant friction coefficient and inertia effects are neglected [12] . Comez studied a contact problem for a functionally graded layer loaded by means of a rigid stamp and supported by a Winkler foundation [13] . Çömez also examined contact problem for a functionally graded layer indented by a moving punch [14] . The plane problem of a smooth double receding contact between a functionally graded layer and an elastic layer when they are pressed together is investigated by Yan and Li [15] . ElBorgi and Çömez studied the plane problem of a receding frictional nonlinear contact between an elastic graded layer and a homogeneous half-space that pressed against each other by a rigid stamp [16] . Güler et al. developed and computational methods for the plane frictional contact problem of a cylindrical punch on a functionally graded orthotropic medium [17] . Turan et. al. [18] , Adiyaman et al. [19] [20] and Oner et. al. [21] and studied the contact problem of a functionally graded layer. The buckling analysis of FGM circular truncated conical and cylindrical shells subjected to combined axial extension loads and hydrostatic pressure and resting on a Pasternak type elastic foundation is examined by Sofiyev [22] . The non-linear free vibration behavior of functionally graded orthotropic cylindrical shell interacting with the two-parameter elastic foundation is studied by Sofiyev et. al. [23] .
Formulation of the problem
As shown in Fig. 1 , consider the symmetric plane strain problem consists of an infinitely long functionally graded (FG) layer which bonded to a rigid support on its lower surface is investigated according to the theory of elasticity. The thickness of FG layer is h and a concentrated force P is to the layer via a rigid cylindrical punch with radius R. Poisson's ratio  is taken as constant, the shear modulus  depend on the y-coordinate only as follows:  is to be the plane of symmetry with respect to external loads as well as geometry, for simplicity. Clearly, it is sufficient to consider one half (i.e., 0 x  ) of the medium only. Assuming that the FG layer is isotropic at every point, equilibrium equations, the straindisplacement relationships and the linear elastic stress-strain law, respectively, are given by: (4), the following two-dimensional Navier's equations are obtained:
In case of graded layer solution, using symmetry considerations and Fourier transforms, the displacement components for FG layer may be written: (6) into Navier equations (5), the following ordinary differential equations are obtained: (7), which may be written:
Contact problems between a functionally graded layer and a rigid support 28 roots of which are: 22 
The known function j m in 2 nd expression in Eq.
(8b) may be expressed as follows:
Substituting Eqs. (6) and (8) 
Solution of the problems
The boundary conditions of the contact problem for the FG layer can be written as: 
where P is defined as:
The unknown functions Aj (j = 1-4) are obtained in the form (20) where N(x,t) is given in Appendix. In the singular integral equation (20) , the contact area a is also unknown, as well as the contact stress p(x). For a complete solution of the problem, the contact stress p(x) must satisfy the following equilibrium condition:
The solution of the system of integral equations
To simplify the numerical analysis of the integral equation, the following dimensionless quantities can be introduced.
t ar
Using these dimensionless quantities, the integral Eqs. (20) and (21) can be written as (25b) give N + 1 equations to determine the N + 1 unknowns, which are g(ri) and a. The system of equations is linear in terms of the g(ri) but highly nonlinear in variable a. Therefore, an iterative method is used to obtain the unknowns.
Numerical results
This section presents numerical results for contact area and contact stress distribution of the FG layer due to frictionless contact of a rigid cylindrical punch. The values and h should be considered fixed, they are related to more than one dimensionless quantity. is higher than bottom surface of the layer. On the contrary when h < 0, rigidity is the opposite of the first case. When  is getting increase, the contact width a/h decrease. Tables 1 and 2 and Figs. 2 and 3 also show variation of the contact width by depending on the load factor /(P/h) and radius of punch R/h. Contact widths a/h increases with increasing of radius of punch R/h. Since increasing load factor /(P/h) corresponds to decreasing the applied concentrated load P, the contact widths a/h decreases.
In Table 3 and Fig. 4 the contact width a/h are analyzed for inhomogeneity parameter  by depending on the various of value quantities of the materials constant
.
With increasing inhomogeneity parameter , the contact width a/h decrease. In Table 3 and Fig. 4 are shown relation a/h and R/h by depending on material constant .
Contact width a/h increases with increasing material constant . Increasing of corresponds to decreasing of Poisson ratio .
Figs. 5-8 illustrates the effect of the effect of the relative in inhomogeneity parameter on the contact pressure distribution on the top of the FG layer.
Figs. 5-7 show P(x)/(P/h) the dimensionless contact pressure distributions. The contact pressure is maximum at x=0. In these figures, for R/h =10, 100 and 1000, the relation among  and /(P/h) is shown respectively. As load factor increases, dimensionless contact pressure increases. Also, with increasing contact stresses also increases when inhomogeneity parameter  increases. pressure distribution for R/h =10, 100 and 1000, is given. As R/h increases, size of the contact area increases, so the applied load distributes a much larger area. Therefore, contact pressure decreases.
With increasing inhomogeneity parameter , the contact stresses decreasing. 
Conclusion
In this paper, the contact problem of a functionally graded (FG) layer resting on a rigid foundation is considered. The top of the FG layer is subjected to rigid cylindrical punch. The elasticity modulus is assumed to be exponential function. The problem is solved analytically using plane elasticity and integral transform techniques. The material inhomogeneity parameter has an important effect on the contact width and the stress distribution. The contact width a/h and the stress distribution P(x)/(P/h) are investigated for various material properties and loading, such as /(P/h), R/h and .
The contact width a/h decreases with increasing material inhomogeneity parameter . The contact stress P(x)/(P/h) increases with increasing material inhomogeneity parameter . In addition, the greatest contact pressures occur at symmetry axis and increases with increasing . With increasing load factor /(P/h) and radius of punch R/h and material constant , the contact width a/h increases. With increasing load factor /(P/h), radius of punch R/h and material constant , the contact width a/h increases. As it can be seen in the figures that increasing load factor /(P/h), contact pressure increases, but on the contrary contact pressure decreases with increasing radius of punch R/h. 
